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The Hamiltonian formulation of the Holst action is reviewed and it is provided a solution of second-
class constraints corresponding to a generic local Lorentz frame. Within this scheme the form of
rotation constraints can be reduced to a Gauss-like one by a proper generalization of Ashtekar-
Barbero-Immirzi connections. This result emphasizes that the Loop Quantum Gravity quantization
procedure can be applied when the time-gauge condition does not stand.
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I. INTRODUCTION
The only consistent procedure to quantize non-
perturbatively the gravitational field is given by Loop
Quantum Gravity (LQG) (see [1] for some reviews). One
of the most impressive results within this framework con-
sists in the discreteness of geometrical operators spectra
on a kinematical level[2], which has been recently con-
firmed by a suitable reduction of a spin-foam model [3].
In view of this discreteness it must be demonstrated that
the Lorentz invariance is still preserved on a quantum
level. As far as Lorentz transformations are concerned,
one must distinguish Lorentz coordinate transformations,
which act on the space-time metric, from transformations
on the tangent space. While the invariance under the for-
mer is insured by general covariance [4] (see also [5]), the
role of the latter is controversial in LQG. This because
the local Lorentz frame is fixed before quantizing by the
time-gauge condition.
The Hamiltonian formulation of the Holst action [6] in
a generic Lorentz frame was given by Barros e Sa in [7].
Such an analysis outlines the appearance of some second-
class constraints and provides a solution for them, so that
only first-class constraints remain. Since the Barbero-
Immirzi formulation is found by fixing the time gauge,
this formulation must be related by a gauge transforma-
tion to a boosted one. However, it remains to demon-
strate that the boost invariance is preserved on quantum
level too.
Indeed, there are examples where first-class constraints
are not associated to quantum symmetries [8]. In this
respect a formulation free of the time gauge could be
highly non-trivial.
Furthermore, even though the boost invariance holds,
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the development of a quantum theory without the time
gauge can give insight on how Lorentz transformations
act on a discrete space structure, especially in view of
introducing elementary particles as fermion matter.
A totally covariant approach to the quantization of
gravity was proposed by Alexandrov in [9], where Gauss
constraints for the Lorentz group were inferred. Never-
theless, since in general connections do not commute, the
quantization of that model is still an open issue.
In this work, we provide a solution of second-class
constraints and we develop the corresponding Hamilto-
nian formulation. At first we investigate the implica-
tions of fixing a generic Lorentz frame by assigning time-
independent velocity components χa with respect to spa-
tial hypersurfaces. In [7] only the case χa = 0 is consid-
ered in details, while choosing different gauge conditions
implies solving the boost constraints with respect to mo-
menta conjugate to χa.
In particular, a redefinition of variables is given such
that the rotation constraints have a closed algebra and
they take the form of Gauss constraints.
When χa depends on time, their dynamical role must
be considered and the gauge fixing is no more allowed.
Nevertheless, as far as we deal with a canonical formal-
ism for χa (which implements boost invariance) we rec-
ognize that their conjugate momenta are constrained to
vanish. Therefore the full dynamical information is con-
tained into the dependence on SU(2) gauge connections.
Hence, the quantization can be performed also without
any gauge fixing and no modification arises with respect
to the case when the time gauge holds. For instance, the
action of the area operator is investigated and the inde-
pendence on χa of the corresponding spectrum is out-
lined.
Within this approach no expansion in the boost param-
eters is performed, thus our results extend and confirm
on a different level those ones in [4].
The organization of the manuscript is as follows: the
Hamiltonian formulation of the Holst action is reviewed
2in II and in III second-class constraints are solved. Hence,
in IV the analysis of rotation constraints is performed
and the gauge structure is inferred in a time-independent
frame. The extension to time-dependent frames is ad-
dressed in section V, such that the quantization without
gauge fixing and the properties of the area spectrum are
described in VI. In VII the comparison with Covariant
Theory is outlined. Finally, brief concluding remarks fol-
low in VIII.
II. HAMILTONIAN FORMULATION
The action of General Relativity with the Holst modi-
fication [6] takes the following form (in units 8πG = 1)
S =
∫ √−geµAeνBRCDµν (ωFGµ )γpABCD, (1)
g being the determinant of the metric tensor gµν with
4-bein vectors eAµ and spinor connections ω
AB
µ , while the
expressions for RABµν and
γpABCD are
RABµν = ∂[µω
AB
ν] +ω
A
C[µω
CB
ν] ,
γpABCD = δ
AB
CD−
1
2γ
ǫABCD.
(2)
Here γ is the Immirzi parameter.
By a Legendre transformation, conjugate momenta
γπ
µ
AB can be defined.
One easily recognizes that γπtAB = 0, so ω
AB
t do not
enter into the dynamical description. Let us now intro-
duce πiAB , such that
γπiAB =
γpCDABπ
i
CD, whose geomet-
rical interpretation is much more clear than γπiAB , since
πiAB = 2
√−get[AeiB].
The Hamiltonian density turns out to be a linear com-
bination of the following constraints

H = πiCFπ
jF
D
γpCDABR
AB
ij = 0
Hi =
γp CDAB π
j
CDR
AB
ij = 0
GAB = Diπ
i
AB = ∂iπ
i
AB − 2ω C[A iπi|C|B] = 0
Cij = ǫABCDπ
(i
ABπ
j)
CD = 0
Dij = ǫABCDπkAFπ
(iF
BDkπ
j)
CD = 0
. (3)
In this scenario, H and Hi denote the super-
Hamiltonian and the super-momentum, respectively,
while GAB are Gauss constraints of the Lorentz symme-
try. Other constraints are Cij and Dij , with the latter
coming out as secondary ones from the former.
The full set of constraints is second-class, because
{Cij , Dkl} and {Dij , Dkl} do not vanish on the con-
straint hypersurfaces. Hence Cij and Dkl are not as-
sociated with any gauge symmetry.
III. SOLUTION OF SECOND-CLASS
CONSTRAINTS
A generic set of 4-bein vectors can be written as
e0 = Ndt+ χaE
a
i dx
i ea = Eai N
idt+ Eai dx
i. (4)
It is worth noting the role of χa variables, which give
the velocity components of the frame {ea} with respect
to spatial hypersurfaces [10]. The time-gauge condition
consists in χa = 0 and once adopted boost degrees of
freedom are frozen.
In what follows, we will denote πi0b with π
i
b.
Let us now introduce the inverses of πia (π
a
i π
i
b = δ
a
b ), by
which the 3-metric can be written as hij =
1
piT
−1
ab π
a
i π
b
j ,
with π the determinant of πai and T
−1
ab = ηab + χaχb.
Defining piω ba i =
1
pi1/2
πbl
3∇i(π1/2πla) where 3∇i is the
covariant derivative associated with hij , a solution to C
ij
and Dij is given by
πiab = 2χ[aπ
i
b], ω
b
a i =
piω ca iT
−1b
c +χaω
0b
i+χ
b(ω 0a i−∂iχa).
(5)
We want to emphasize that conditions above are solu-
tions of second-class constraints, without any restriction
on χa, hence at this level the Lorentz frame is not fixed
at all.
IV. ROTATION CONSTRAINTS IN A FIXED
LOCAL LORENTZ FRAME
We will denote Ω the subspace defined by conditions
(5) and we take {ω0ai , πia} as coordinates on it. At this
level we require ∂tχa = 0, such that no evolutionary char-
acter is given to χa and they can be treated as parame-
ters.
Since second-class constraints have been solved, the
symplectic structure on Ω is non-trivial. For instance,
ω0ai do not commute among each other [11].
Within this scheme, the Lorentz frame has been fixed.
In fact, Diπ
i
a = χ
bDiπ
i
ab, which means that the con-
straints associated to boosts become redundant.
Let us now introduce “densitized” 3-bein of the spatial
metric hij , which are conjugate momenta in the standard
LQG formulation within the time gauge [1] and whose
expression here reads as follows
π˜ia = S
b
aπ
i
b, S
a
b =
√
1 + χ2δab +
1−
√
1 + χ2
χ2
χaχb.
(6)
Hence Sab is a map from momenta π
i
a to 3-bein vectors
of the metric on spatial hypersurfaces and it actually rep-
resents the action of the boost transformations.
Starting from the rotation constraints we sum up a
vanishing contribution and multiply the result times Sab ,
so finding
3Ga = ∂iπ˜
i
a + γǫ
c
ab A˜
b
i π˜
i
c = 0, (7)
i.e. SU(2) Gauss constraints are inferred also without
the time-gauge condition.
Connections A˜ai are given by
A˜ai = S
−1a
b
(
Abi +
2 + χ2 − 2
√
1 + χ2
2γχ2
ǫabc∂iχbχc
)
,
(8)
where the Aai variables take the following expression
Aai = (1+χ
2)T ac(ω0ci+
piDiχc)− 1
2γ
ǫacd
piω
cf
iT
−1d
f . (9)
As far as the symplectic structure in terms of new vari-
ables is concerned, it comes out to be the canonical one,
i.e. {A˜ai (t, x), π˜jb (t, y)} = δab δji δ3(x − y), while the oth-
ers vanish. Furthermore, it can be demonstrated that on
the hypersurfaces (5) a canonical transformation maps
{ωABi , πjCD} into {A˜ai , π˜jb} when ∂tχa = 0.
These features enforce the interpretation of A˜ai as the
extension of Barbero-Immirzi connections to a generic
time-independent Lorentz frame.
The same result can be obtained within the Barros e
Sa framework [7]. That formulation was based on solving
second-class constraints without fixing the boost symme-
try. This implies that additional dynamical variables are
present, i.e. χa and their conjugate momenta π
a, and
that the vanishing of the boost constraints Gboosta pro-
vides three independent conditions. However, since πa
appear linearly into such constraints, Gboosta = 0 can be
solved with respect to them. If the obtained expressions
are inserted into the rotation constraints, then we get
conditions equivalent to equations (7). In fact variables
Aai differ from the ones of Barros e Sa,
BAai , only by terms
containing derivatives of χa and no dynamical variable.
This confirms the results of our analysis.
V. ON THE GENERALIZATION TO
TIME-DEPENDENT FRAMES
The results above can be extended when ∂tχa 6= 0
by assigning a dynamical role to χa themselves. This
can be done by adding the corresponding conjugate mo-
menta πa . In fact, a canonical transformation can be
defined mapping {ωABi , γπjCD} to {BAai , χb, πjc , πd} if the
following conditions stand
T−1ab π
b+ηab∂i
(
πib −
1
γ
ǫ cdb χcπ
i
d
)
−2η[a|b|πibχc]BAci = 0.
(10)
Hence these constraints must be added to describe
properly the dynamics. From the comparison with Bar-
ros e Sa’s paper [7] one recognizes that such constraints
coincide with the boost ones, if the rotation constraints
hold. This confirms the equivalence of the two formula-
tions also when ∂tχ
a 6= 0.
Our procedure allows to infer also in this case SU(2)
Gauss constraints, by virtue of a change of phase space
variables to connections A˜ai (this feature does not stand
in Barros e Sa approach). However, now the momenta πa
must change properly in order to deal with a canonical
transformation. We denote by π˜a the new expression of
conjugate momenta to χa. In terms of this new set of
variables, the expressions (10) simplify significantly, i.e.
Ba = T
−1a
b π˜
b = 0. (11)
Therefore, a sort of decoupling occurs between χa and
A˜ai variables, since Lorentz-Gauss constraints (which in-
volve a mixing of the full set of phase-space coordinates)
are equivalent to two sets of constraints, each one acting
on a single couple of conjugate variables only.
Furthermore, it is worth noting that χa behave as the
lapse function and the shift vector, since the correspond-
ing momenta are constrained to vanish.
VI. LOOP QUANTUM GRAVITY IN A LOCAL
LORENTZ FRAME.
Summarizing the previous analysis, the action of GR
with the Holst modification can be written in a generic
local Lorenz frame as follows
S =
∫
d4x
[
π˜ia∂tA˜
a
i + π˜
a∂tχa − 1√
ggtt
H +
gti
gtt
Hi +
+(γpcdAB + 2χ
dγp0cAB)ω
AB
t ǫ
b
cdS
−1a
b Ga + λ
aBa
]
,(12)
λa being Lagrangian multipliers.
The action (12) can be obtained directly from (2) using
the definitions (5) and (8) [16].
Once a canonical quantization is performed and con-
straints are implemented a` la Dirac, conditions (11) can
be easily solved in the most natural operator ordering
taking wave functional not depending on χa variables.
Therefore, we end up with SU(2) Gauss constraints
only, a part from the super-momentum and super-
Hamiltonian ones (which do not depend on the local
Lorentz frame, since they are Lorentz scalars), and we
formally infer the same formulation as in LQG with the
time gauge.
The quantization can now be performed starting from
the holonomy-flux algebra.
In fact, since A˜ai are connections of the SU(2) group,
holonomies h(A˜)α along curves α and momentum fluxes
π(S) across surfaces S can be defined. Their algebra is
the same one as in LQG with the time gauge and this
confirms that the quantization can be performed as in
[12]. Therefore, the Hilbert space turns out to be a cer-
tain completition over the space of distributional connec-
4tions, whose measure is the Ashtekar-Lewandowsky one,
while basis vectors are invariant spin networks [13].
Within this scheme Lorentz transformations are gen-
erated by the following operators
Ra = Ga+ǫ
bc
a χbBc, Ka = Ba+
1−
√
1 + χ2
χ2
ǫ bca Gbχc.
(13)
These relations can be inverted and this implies that
the validity of the Hamiltonian constraints is equivalent
to the invariance under the action of the Lorentz group.
Therefore, the local Lorentz symmetry, and in partic-
ular the boost one, is actually preserved on a quantum
level.
For instance, let us consider the area operator A.
Given a surface S and an edge e having one intersec-
tion in a point p (where the tangent to e does not belong
to S), the action of the operator A(S) on the parallel
transport along e is given by
A(S)he(A) = γ
√
1 + χ2
√
Ohe(A), O =
1
1 + χ2
ηabτaτb,
(14)
τa being SU(2) generators. The Immirzi parameter
comes from the re-definition of generators we have to
perform in order to reproduce the algebra of Ga.
Thus the area spectrum is discrete and this discrete
structure does not depend on χa.
VII. COMPARISON WITH COVARIANT
THEORY
The results of section VI seem to conflict with the for-
mulation of Alexandrov [9]. In his works he attempted
to quantize gravity by using a Lorentz connection AXi ,
X running on the whole set of Lorentz indexes. Lorentz
covariance is manifest, so that the Gauss constraints of
a Lorentz gauge theory are inferred. Furthermore, he
removed second class constraints by replacing Poisson
brackets with Dirac ones, while here we use (5), thus
solving at the same time second class constraints and the
boost ones for parametric χa. Hence, the two formula-
tions can be matched by inserting these expressions of πiab
and ωabi into the Gauss constraints of the Lorentz group,
such that among them only three independent conditions
remain. In this respect, it can be shown that connection
(9) can be obtained from the one introduced in section 2
of [9] (equation (B11)) by adding some terms containing
derivatives of χa. However, Alexandrov did not consider
the transformation to the true SU(2) connections (8).
The crucial role of such variables can be traced back to
the fact that AXi can be written via a Lorentz transfor-
mation as (0,−γA˜ai ) [14].
VIII. CONCLUSIONS
It has been proposed to extend LQG to a generic
Lorentz frame and the corresponding Hamiltonian for-
mulation has been provided. We distinguished the case
of a time-independent frame from that with ∂tχa 6= 0. In
the former, χa can be treated as parameters and a gener-
alization of Ashetekar-Barbero-Immirzi connections (8)
can be given, so finding the structure of an SU(2) gauge
theory. In the latter, even though the dynamical role of
χa must be taken into account, nevertheless the full dy-
namical information is contained into the dependence on
A˜ai , since physical states do not depend on χa.
In both cases, since Gauss constraints have been in-
ferred, the quantization of gravity can be performed. We
want to point out that this is an important extension
of the work by Barros e Sa [7], who demonstrated that
the standard quantization with the time gauge is well-
grounded, since the corresponding gauge condition can
be safely fixed. However, he did not investigate the pos-
sibility to quantize in a moving frame or without any
gauge fixing. Here, as far as we know we performed the
first attempt to quantize gravity within the LQG frame-
work taking no restriction on the local Lorentz frame.
The formulation is fully consistent with the case when
the time gauge holds since the geometrical meaning of
canonical variables adopted in both frameworks is the
same. As a confirmation of this statement, the action of
the area operator has been evaluated in a generic Lorentz
frame, finding that its spectrum is discrete and it does
not depend on the observer.
This quantum symmetry reflects the invariance of the
classical metric tensor under Lorentz transformations.
This analysis definitely clarifies how tangent space sym-
metries are preserved in a quantum gravity regime.
Furthermore, this result can be linked with the findings
of [15], which tightly constraint any sort of violation or
modification of the Lorentz symmetry arising in a quan-
tum gravity setting.
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